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0. Introduction

Fundamental Diagram
For classifying space D of MHS of specified type,

Dgr,2),val <=  DBSval

l l

Dy va «—— D5,y ——  Dsp) Dgs

Dy —— D

Hope to understand Hodge theoretic aspect of MS by this.



Mirror symmetry for quintic 3-folds

Mirror symmetry for A-model of quintic 3-fold V' and B-model of
its mirror V° was predicted in [CDGP91], and proved in following
(1)—(3), which are equivalent.

Every statement is near large radius point qg of complexified Kahler
moduli LM (V') and maximally unipotent monodromy point pg of
complex moduli M(V°).

t:=y1/yo, u :=t/2mi and q := e = 2™ from 3.3 below
and respective ones in 3.4 below.



(1) (Potential. [LLuY97]) ®%w (1) = @4y (1).
(2) (Solutions. [Gi96], [Gi9Tp])

d® H? ( d® >H53>

J ::5H(1 tH+ 2 L (22 0
v RSN 7

Iy :=5H(yo +y1 H + yo H* + y3H?)

Then, y()JV = Iy.

(3) (Variation of Hodge structure. [Morrison97])
(g0 € KM(V)) < (po € M(V?°)) by canonical coordinate
q = exp(2miu), lifts over the punctured XM (V) < M(V°) to

(HY, s, vmiddle 1V 71 [pt]) & (HY,Q, VEM, 1Y, F;Q, 90).



Our (4) below is equivalent to (1)—(3).

(4) (Log period map)
o : monodromy cone transformed by a level structure into End of
reference fiber of local system for A- and B- models.
Then, we have diagram of horizontal log period maps

(g0 € KM(V)) < (po € M(V°))
\ /

([0, exp(oc)Fo] € T'(0)8P\D,)

with extensions of specified sections in (3), where (o, exp(o¢c)Fp) is
nilpotent orbit and I'(¢)&P\ D, is fine moduli of LH of specified type.



Open mirror symmetry for quintic 3-folds

(5) (Inhomogenous solutions, [Walcher07], [PSWO08p|, [MWO09])
L: Picard-Fuchs differential operator for quintic mirror.

U 1 1
T :—j:(— i d/z).
Aa=5+\ 1 9m dzc;d nad

Cy
TB:/ Q, {Ci,line}:{xlexQ:x3+x4:0}ﬂX¢.
C_

Ln(ITa(2) = LTs(2)(= 15573 (= 75).




In a neighborhood of MUM point pg, we have the following (6).

(6) (Computations of admissible normal function and domainwall
tension on MUM point)
Hq:=HE&, T:=Tp
Lq : translation of local system Q & Hq by 7¢° in £xt'(Q, Hq)
Jro, : Néron model for admissible normal function over 7¢e°, whose
weak fan is constructed in [KNU13p, Néron models for
admissible normal functions]

Q

transl

S = (z1/2-plane) —— Ji o, =~ Ho/(F?+Hq) ne (F?)*/Hq

|

Jog =~ Ho/(F'+Hq) ~ (F?)*/Hq



To state following assertions, we use €, e! which are part of basis of

Ho respecting Deligne decomposition at py (see 6 (2B)).
(6.1) Te” as truncated normal function S — Ji, 1.

(6.2) Truncated normal function in (6.1) uniquely lifts to admissible
normal function S — Ji 1.

(6.3) Followings are mirror:
0— HYV,Z) — H*(V — Lg) — H*(Lg) — 0
0 — Ze'(grd’) — 1Ze' (grd’) — (2-torsion) — 0
Here Lg is real Lagrangian, and M = M (N, W) around MUM point py.

(6.4) (5) tells that inverse of admissible normal function in (6.2) from its
image is given by 1672 /15 times L applying to extension of Lq.



1. Log mixed Hodge theory
1.1. Category B(log)

S : subset of analytic space Z.

Strong topology of S in Z is strongest one among topologies
on S s.t. for V analytic space A and V morphism f: A — Z
with f(A) C S, f: A — S is continuous.

Log structure on local ringed space S is sheaf of monoids M
on S and homomorphisim « : M — Og s.t. a1 OF = O3

fs means finitely generated, integral and saturated.



Analytic space is call log smooth if, locally, it is isomorphic
to open set of toric variety.

Log manifold is log local ringed space over C which has open
covering (Uy ), satisfying:

For each ), there exist log smooth fs log analytic space Zy,
finite subset I of global log differential 1-forms I'(Zx,wy ),
and isomorphism of log local ringed spaces over C between
U, and open subset in strong topology of

Sy :={z € Z, | image of I, in stalk w! is zero} in Z,.



1.2. Ringed space (5'°%, 0$%)
S € B(log).
S8 = {(s,h)|s € S, h: M& — S" hom. s.t. h(u) = u/|u| (u € OF,)}
endowed with weakest topology s.t. followings are continuous.
(1) 7: 8% — S (s,h) — s.
(2) For Yopen U C S and Vf € T'(U, M®P), 7=1(U) — S, (s,h) — h(fs).
T is proper, surjective with 771 (s) = (S1)7(%),
r(s) := rank(M®eP /O ), varies with s € S.
Define £ on S'°% as fiber product:

L P, Y (MEP) s (f at (s,h))

l l l

Cont(*,iR) ——— Cont(*,S!) 3 h(f)



t: 7 1(Og) — L is induced from

f c  17H0s) = 7Y 0F) T (MEP)
(f—f)/2 € Cont(,iR) —2— Cont(*, S1)

Define
7 1(0g) ® Symy (L)

(fel-1euf)|fer1(0s)

Thus 7 : (58, (’)?g) — (9, Og) as ringed spaces over C.

For s € Sand t et 1(s) C S8 let t; € £; (1 < j <r(s)) s.t. images
in (M®&P/0%); of exp(t;) form a basis.

Then, (’)g?,% = Ogs[t; (1 < j <r(s)]is polynomial ring.

log . __
OS =




1.3. Toric variety

o : nilpotent cone in ggr, i.e., sharp cone generated by finite number
of mutually commutative nilpotent elements.

[ : subgroup of Gz, and I'(0) := ' Nexp(0o).

Assume o is generated over R>( by logI'(o).

P(o) :=T(0)Y = Hom(T'(0),N).

toric, := Hom(P(c), C™™) D torus, := Hom(P(c)&P, CX),

0 —-Z— C— C* — 1 induces
0 — Hom(P(0)8P,Z) — Hom(P(c)8P, C) = Hom(P(0)%P, C*) — 1,
where e(z ® logy) := e*™* @ v (2 € C, v € ['(0)8? = Hom(P(0)&?, Z)).

p < o induces surjection P(p) < P(o) hence open toric, — toric,.
0, € toric, is P(p) — C™¢ 1 — 1, other elements of P(p) — 0.
0, € toric, C toric, by above open immersion.

Then, as set, toric, = {e(z)0,|p < 0, z € oc/(pc +1logI'(c)5P)}.



For S := toric,, polar coordinate R>¢ X St — R>o- S! = C induces

7 : 5°8 = Hom(P(o), mUIt) x Hom(P(o),S")
= {(e(1y)0p,e(z)) | p < 0, x € or /(PR +10gT(0)*"), y € oR /PR }
cmulty
z +1iy)0,

— S = Hom(P(o
7(e(iy)0y, e(z)) = e
By 0= pr/log [(p)*? — or/log (o) — om/(pr + log [(7)57) = 0,

77! (e(a+1b)0,) = {(e(ib)0,,e(a+ x)) |z € pr/logT(p)eP} ~ (81)",
as set, where r := rank p varies with p < o.

);
(

Hy, = (Hy7,W,({, )w)w) : canonical local system on S'°¢ by
representation m(5°8) = I'(0)8 C Gz = Aut(Hy, W, ({, Yu)w)-



1.4. Graded polarized LMH
S € B(log).

Pre-graded polarized log mized Hodge structure on S is

H = (Hz,W,({, )w)w, Ho) consisting of

Hyz : local system of Z-free modules of finite rank on S'°8,

W : increasing filtration W of Hq := Q ® Hz,

{, )w : nondegenerate (—1)“-symmetric Q-bilinear form on gr!V,
Heo : locally free Og-module on S satisfying:

= (’)g’g ®z Hz ~ O?g ®os Ho (log Riemann-Hilbert correspondence),
3 FHo : decreasing filt. of Hp s.t. FPHp, Ho/FP Hp locally free.
Put F? := O$® @0, FPHp. Then 7,F? = FPHp.
(FP(gry ), F(gry )w =0 (p +q > w).



Pre-GPLMH on S is GPLMH on S if its pullback to each s € S
is GPLMH on s in the following sense.
Let (Hz, W, ({, )w)w, Ho) be a pre-GPLMH on log point s.

(1) (Admissibility) 3 M (N, W) for V logarithm N of local monodromy
of local system (Hr, W, ({, Yw)w)-

(2) (Griffiths transversality) VEFP C wl!8 @ FP~1 where w!l'°® is log
diff. 1-forms on (s'°8,0°8), V=d ® 1g, : 08 @ Hz — wl'°s @ Hy.

(3) (Positivity) For t € 5°¢ and C-alg. hom. a : Oicjtg — C,
F(a):=C Rpos F, a filtration on Hc 4.
Then, (Hz(gr?¥), {, Yuw, F(a)) is PHS of weight w if a is sufficiently
twisted: |exp(a(logg;))| < 1 (Vj) for (¢;)i1<j<n C M, which induce
generators of M,/O.



1.5. Nilpotent orbit

Fix A := (Ho, W, ({, )w)w, (h"?), ), where

Hj is free Z-module of finite rank,

W is increasing filtration on Hy q := Q ® Hy,

{, )w is nondegenerate (—1)%-symmetric form on gr!,
(h??), 4 is set of Hodge numbers.

D : classifying space of GPMHS for data A, consisting of all
Hodge filtrations.

D : “compact dual”.

Ga:=Aut(Hoa, W, ({, )w)w),

g4 :=End(Hoa, W, ((, )uw)w) (A=7Z,Q,R,C).

o C gr : nilpotent cone, i.e., sharp cone generated by finite number
of mutually commutative nilpotent elements.



Z C D is o-nilpotent orbit if (1)—(4) hold for F € Z.
(1) Z = exp(oc)F.
(2) 3 M(N,W) for any N € o.
(3) NFP C FP~1 for any N € o any p.
(4) If N,..., N, generate o and y; > 0 (Vj), then exp()_, 1y; N;) I € D.

Weak fan X in gq is set of nilpotent cones in gr, defined over Q, s.t.
(5) Every o € ¥ is admissible relative to W.
(6) If o € ¥ and 7 < 0, then 7 € X.
(7) If 0,0’ € ¥ have a common interior point and

if there exists F' € D such that (o, F) and (¢, F)

generate nilpotent orbits, then o = ¢”.

Let > be weak fan and I' be subgroup of Gz.
Y and I' are strongly compatible if (8)—(9) hold:
(8) If o € ¥ and v € T, then Ad(v)o € X.
(9) For V o € X, o is generated by logI'(¢), where I'(0) := I' Nexp(o).



1.6. Moduli of LMH of type ®

& = (A, X, T): Ais from 1.4, 3 weak fan and I' subgroup of Gz
s.t. 2 and I' are strongly compatible.

oeX. S:=toric,, Hy = (Hsz, W, ({, Yw)w) O1 Slog,

Universal pre-GPLMH H on E, := toric, xD is given by H,
together with isomorphism (’)gg ®z Hy 7z = (’)lgg ®o, Ho, where
Ho := Op_ ® Hy is the free Op_-module coming from that on D

endowed with universal Hodge filtration F'.

E,:={x € E,|H(z) is a GPLMH}.

Note that slits appear in E, because of log-point-wise Griffiths
transversality 1.3 (2) and positivity 1.3 (3), or equivalently 1.4 (3)
and 1.4 (4) respectively.

As set, Dy, := {(0,Z) € Dgyp, | nilpotent orbit, o € &, Z C D}.



Let o € 2.
Assume T is neat.
Structure as object of B(log) on I'\ Dy, is introduced by diagram:

GPLMH .

E, - E := toric, xD
oc-torsor
I'(0)¥P\ Do

loc. isom.

'\ Ds;

Action of h € o¢c on (e(a)0,, F) € E, is (e(h + a)0,, exp(—h)F),
and projection is (e(a)0,, F) — (p,exp(pc + a)F).



S € B(log).

LMH of type ® on S is a pre-GPLMH H = (Hz, W, ({, Yw)w, Ho)
endowed with I'-level structure

p € HO(S%, T\ Isom((Hz, W, ({, )w)w), (Ho, W, ((, Juw)w)))
satisfying the following condition: For V s € S,V t € 771(s) = 5'°8,

V representative fi; : Hz + = Hy, 30 € ¥ s.t. o contains /]tPsﬂt_l and
(o, 1t (C Do F})) generates a nilpotent orbit.

Here P; := Image(Hom((Ms/O%)s,N) — m1(s!°8) — Aut(Hz,)) is
local monodromy monoid P of Hz at s.

(Then, the smallest such o exists.)



Theorem. (i) I'\Dsx € B(log), which is Hausdortff.
If T is neat, '\ Dy, is log manifold.

(ii)) On B(log), I'\Dx, represents functor LMHg of LMH of type ®.
Log period map. Let S € B(log). Then we have isomorphism
LMHg(S) = Map(S,I'\Dx), H — (S 3 s+ [o, exp(oc)fit(CRpos Fy)]

which s functorial in S.

Log period map is a unified compactification of period map and normal
function of Griffiths.



3. Quintic threefolds
3.2. Quintic threefold and its mirror
V : general quintic 3-fold in P*.
5 5 :
Vi o f =25 5 + ][,z =0in Pt (v € Ph.
G :={(a;) € (u5)°| a1 ...as = 1} acts Vi, z; — ajz;.
Vi, + a crepant resolution of quotient singularity of Vy, /G.
Devide further by action (z1,...,25) — (a lz1,20,...,25) (a € ps).



3.3. Picard-Fuchs equation on the mirror V°

Q2 : holomorphic 3-form on V7 induced from

Resy, (% >y (1) ayday A A (da) N A A d:v5)

z:=1/9% 6 = 2d/dz.

L:=6%+52(50 +1)(55 + 2)(56 + 3)(56 + 4)
is Picard-Fuchs differential operator for €2, i.e., L2 = 0 via
Gauss-Manin connection V.

= 0 : maximally unipotent monodromy point,
z = o0 : Gepner point,
2z = =575 : conifold point.

™
|



y; (0 <j <3): basis of solutions for L. yg = - (5n)! (—2)™,

n=0 (n!)%
v = yolog(—2) + 5500, (25,0 1) (-2

t :=y1/yo, u := t/2mi : canonical parameters

q := el = 2™ : canonical coordinate, which is specific chart of
log structure and gives mirror map.
o 5
Dl = 2 (2% — %> : Gauss-Manin potential of V.
YoYo Yo

Q :=Q/yo. Yukawa coupling at z = 0 is

- ~ 5 qdz\3
/ A VsVeVe (1+552)yo(2)2 (Z dq)




3.4. A-model of the quintic V'

T, = H : hyperplane section of V in P4
K(V)=RsoT; : Kéhler cone of V.

u : coordinate of CTY, t := 2miu.
Complexified Kéahler moduli is

KM(V) = (H*(V,R) +iK(V))/H*(V,Z) = A*,
uT) — q = e*™",

C € Hy(V,Z) : homology class of line on V.
T' ¢ H*(V,Z) : Poincaré dual of C.

For 8 = dC € Hy(V,Z), define ¢° := qfﬁ T _ q?.



Gromov-Witten potential of V' is

1 5t3
v 0£BEH(V,Z) d>0
Here Gomov-Witten invariant N, is

Moo(P* d) < Mo, (P*, d) =5 P,

Nd = /_ C5d_|_1(7T1*€>{OP4 (5))
Mo ,o(P%,d)

Ny=0ifd<0.
Na =3 4 Na/kk ™3, gk is instanton number.



3.5. Z-structure

B-model H"":

f: X — §* family of quintic-mirrors over punctured nbd of py.
Hy~ - extension of R®f,Z over S'°8.

N : monodromy logarithm at pg,

W = W(N) : monodromy weight filtration.

Define Wy, z := Wi, N'Hy~ for all k.

b € S'°8 : base point.
9o, 91, 93, g2 : symplectic Z-basis of H‘Z/o (b) for cup product,
s.t. go, - - ., gk generate Woy(b) for all k.

For s € C’)lsog ®o Hgo, followings are equivalent.

(1) s belongs to Hy, .

(2) Vs =0 (V = VM) and s(b) € Hy (b) for some b € S8,
(3) Vs =0 and s(gry’) € gr}’z for k := min{l | s OE @ Wy}



A-model HV:

V = vmiddle . A_model connection from 3.6 (3A) below.

For s € O @ HY, define s € Hy if Vs =0 and s(gry,)) € H3 P3P
(V,Z), Wag = @y, H* 537UV, p:=min{q | s € 0% @ Waq}.

0eS=AberH0)C S 0% =0s0lt] = C{q}[t] : stalk at b.

q=el =e?™ =z + iy with z, y real.

For s € Olsog ®Ro Hg, followings are equivalent.

(4) s belongs to Hy, .

(5) Vs = 0 and s(b) € Hy, (b) for some b € S'°8.

(6) Vs =0 and, for fixed x = 0, limit as y — oo of exp(iy(—N))s
over S1°¢ belongs to &b, H?(V,Z).

(7) Vs = 0 and specialization = +— 0 of limit of exp(iy(—N))s over
S8 with x fixed and y — oo belongs to &b, H'?(V,Z).



3.6. Correspondence table
We use @gw = @g;/[ =: .

(LA) Polarization of A-model of V.

S(a, B) := (=1)P /V aUfB (a€ HPP(V),B e H PP P(V)).

(1B) Polarization of B-model of V°.

Qo B) = (~1)33-1/2 / aup=- / @UB (0.5 € H(V?))



(2A) Specified sections inducing Z-basis of gr'V for A-model of V.

Ty:=1€ H'(V,Z), Ty := H € H*(V,Z),
T!:=C¢c HYV,Z), T° := [pt] € H*(V, Z),

Then S(To,7°) =1 and S(T1,T1) = —1.
Hence Ty, Ty, —T°, T form symplectic base for S.



(2B) Specified sections inducing Z-basis of gtV for B-model of V°.

Ho = @Ip’p, where IP? := Wy, N FP = gr‘z/z.
P

Since N(gry,)) = 0, gry, is a constant sheaf and hence

% W Wy
grs, O 8l O (8r3,)z == Wapz/Wap_1.7.

Take .
ep =0 e I3 e € I?? et € IM 0 = gy € VO

inducing generators of (grg‘;)z, and Q(eg,e) =1, Q(er,el) = —1.

Hence eg, e1, —€°, e! form symplectic base for Q.



(3A) A-model connection V = Vmiddle of 7,

VT :=0, VT =719,
1 430 1 d3®y
Vs = ——— 2 ! — (5 ° )Tl,
ont (27i)3 du3 * (27mi)3  du?
V5T0 = Tl.

V is flat, i.e., V2 = 0.
(3B) B-model connection V = VM of V°,




(4A) V-flat Z-basis for Hy .

sV=T1°% sti=T' —uT® = exp(—uH)T",
2
L ee,, 1 e
(27i)2 du? (27i)3 du

2
= exp(—uH)T; — <Z %qd)Tl + (Z (5;126)12 qd)TO,

S1 :Tl—

a>0 d>0
1 d>P dd 1 dd
=Ty — uT ( _ )Tl— ( —2<I>)TO
%0 0T (2mi)3 du2 du (27i)3 Ydu
= exp(—uH)Ty + ( 271 uq a (27ri)2q )T

d>0

Nyd 2N
N (;(2m)2 ug’ - C;)(zm)?)qd)To‘



(4B) V-flat Z-basis for Hy .
sV =€ sti=el —ue,
L e, 1 dd
$1:=e€1 — e e
T 2mi)3 du? (27i)3 du
1 ( d’® d<1)) . 1 ( dP
—(u - e — —(u
(2mi)3 \ du?  du (2mi)3 \ du

Sog := ep — uey + — 2@) el



(5A) Monodromy logarithm for A-model of V' around qq.

Ns® =0, Nst=-5s Ns =-5s!, Nsyg=—s1.

Matrix of monodromy logarithm N via basis s°, s, s1, s¢ coincides
with matrix of cup product with —H via basis T°, T, T}, Tp.

(5B) Monodromy logarithm for B-model of V° around pg.

Ns® =0, Ns'l=-5" Ns;=-5sl, Nsy= —s.



(6A) T° =5 T'=s"+us

e, 1 <d2c1> d@)o
o) duz’ T 2m)pE \"du?  du)’
(

2
— (31 + bust + gu2so> + (Z Ndd, qd)sl

* (Z omi 1 _;)(zm')ﬂ )S

d>0

Ty =51 +

1 do 1/ do
hee ()
N Ot N AR U A °

_ 521 530 Nad d\ .1
_<so—|—u31—|—§us —|—6us>—|—(dz>%<2m,)2q )s

EC LI B N ) .
T (Z (2m,)2uq Z (27m')3q 5
d>0 d>0




(6B) e =5 el =5t tus,

I ( &2 dcp) .
————5 u — s
(2m3)3 du? (2mi)3 \ du?  du/

2
= (sl + Bust + gu2so> + (Z Ndd. qd) st

+ (Z 42 (2ri)2 ! )S
d>0 d>0

& e LA 1 ( dP
=S us — S u
0T 2mi)3 du (27i)3 \ du

5) 5) Ngad
= (30 + usy + “u?st + —u330) + <Z d. qd) st

e] = S1 +

€o — 2<I>> s?

2 6 £~ (2mi)?
ad 4 Ny d) 0
—2
(Z (2mi)2 1 2 (2mi)3 !
d>0



3.9. Proof of (3) = (4) in Introduction

Proof 1, by nilpotent orbit theorem.

S* = KM(V)C S :=KM(V) for A-model,

S* := M(V°) C S := M(V°) for B-model.

S endowed with log structure associated to S ~. S§*.

VPHS on S* with unipotent monodromy along S ~ S* extends
uniquely to a LVPH on S by LH theoretic interpretation of
nilpotent orbit theorem of Schmid.

1 =Ty (resp. [pt] = TY) for A-model and

Q = eg (resp. go = €°) for B-model extend over S

as canonical extension (resp. invariant section). [



Proof 2, by correspondence table in 3.6.

Slog .= R x i(0,00] D S* := R x i(0, 00)

: {
|

S

The coordinate u of S* extends over S8,
uy:=0+ico € S8 - b:=0+icc eS8 5qg=0€ 8
which corresponds to ¢o for A-model and py for B-model.



(a) Hz := Hjy, for A-model and H},~ for B-model over S* with
respective symplectic basis sg, s1, —s°, s' extends over S'°8 with

extended symplectic basis.

Note that to fix a base point u = uy on S°% is equivalent to fix
a base point b on S'°% and also a branch of (27i)~! log g.

(b) Regarding Hy := Hz ., = Hzp as a constant sheaf on Slog.
we have an isomorphism C’)?g ® Hyg ~ O?g ® Hy of (’)}S?g—modules
whose restriction induces 1 ® Hz, =1 ® Hp.

(c) T*(O?g ® Hyz) yields Deligne canonical extension of Hp,. over S.
To, Ty, T, T° and eq, e1, e, €? yield monodromy invariant bases of
Og+-modules respecting Hodge filtration for each case.

These bases and hence Hodge filtrations extend over ¢ = 0.



c) follows from (1), (2), (3) below. R := (’)g”gb = C{q}[u].

)
) T;,T7 and ej, e’ are R-linear combinations of respective s;, 7.
) sj,s’ are R-linear combinations of s;(b), s’ (b) € Hz,, = Hy.

) Coefficients h € R of the composition of (1) and (2) are
monodromy invariant holomorphic on $* with lim, g gh = 0.
Hence, ¢ = 0 is a removable singularity of h and value of h at ¢ =0
is determined.

Thus, PVHS (Hz, (, ), Hp) of type (A,T'(0)&P) over S* extends to
pre-PLH of type ® = (A, 0,I'(0)%P) over S, where o := exp(R>oN)
with N from 0 (4). (Note that NV here is —N of N in Section 1.)

(
(1
(2
(3



Admissibility is obvious in pure case.

Griffiths transversality follows from definitions of Ty, Ty, T, TP,
€o, €1, 61, 60, and vmiddle’ vGM.

Positivity: We check for B-model. A-model is analogous.

F, = exp(iy(—N))F(ug) € D.

v3(y) := exp(iy(—N))eo(uo) and exp(iy(—N))es (ug) form basis
of F7 respecting F,.

Compute basis v2(y) of F2 N Fl = F2 N (F3)* for Q.

Check that coefficients of highest terms in y of Hodge norms

3Q(v3(y),v3(y)) and iQ(v2(y),v2(y)) are both positive.
The extension of the specific sections has already seen. [



4. Proof of (6) in Introduction

First announcement on Log Hodge Theory [KU99] was published in
proceeding of CRM Summer School 1998, Banff.

We notice that we constructed complete fan 3 for classifying space

D of polarized Hodge structure with A4 =1 (p+q =3, p,q > 0) as

example in book [KU09], and also constructed weak fan which graphs
any given admissible normal function over I'\ Dy; in paper [KNU13p],
appearing soon, in quite general setting.

In particular, Néron model Jr, in Intro (6) is already constructed.



In order to make monodromy of 7 around MUM point py unipotent,
we take double cover z!/2,

Let H :=H" . We are looking for extension H
O—-H—-H—72Z—0
of LMH with liftings 1z and 1z of 1 € Z respecting lattice and Hodge

filtration, respectively.
Truncated normal function should be 7, i.e.,

Cy
Oy — 12.9) :/ O=T

where () is polarization of H.



To find such LMH, we use basis eg, e1, e!, e? respecting Deligne decomp.

of (M, F) from 3.6 (2B), V-flat integral basis sq, s1, s*, s° from 3.6 (4B).
We also use integral periods from 3.3 as n; := (2mi) Jy; for j = 0,1 and
n; = 5(2mi) Jy; for j = 2,3.



First, translate trivial extension (gr'¥)q = Q @ Hq by 7 and define
1z := 1+ 7€ to make local system Lq.

To find 15, write 15 — 1z = aeg + be; + ce; — Te® with a,b, c € O°8,
Griffiths transversality condition on 1p — 1z is understood as vanishing
of coefficient of €” in V(1 — 1z). Using 6 (3B), we have

1 B 1 ,
Vg(lF — 1z) = ((5&)60 + (CL + 5())61 + (bww + (50)6 + (C — 57)6 .

Hence, above condition is equivalent to ¢ = 07 and a, b arbitrary.
Using relation modulo F'?, we can take @ = b = 0. Thus

lp =17+ ((57)61 — 7Y

(1z,1F) is desired element in Ext{,gg(Z, H), and hence 1p — 1z is
desired admissible normal function.

(6.1) and (6.2) are proved.



Next, we find splitting of weight filtration W of local system Lq.

Since mondromy of 7 around pg : 2/2 =0, is T2 (7) =T —no ([WO0T)),
we flat it by 7 + 17, which is written as (7 + 371)s® in H, because
TZ.(m) = no.

But then, %771 is added to truncated normal function.

To solve this, using e! = s +us® (s =€, u = 1y /ny), we modify it as

1 1 1
577031 + (7 + 5771)30 = 577061 + TV,

This is desired splitting of W of local system Lq, and we define

1 1 1
1SZpl =1+ 577031 + (7 + 5771)30 =1+ 577061 + T,



Lifting 15" for 1S’Zp1 is computed as before, and we get
P =15 4 (0T )et — Te0.

(1P, 1521 is desired split element in Ext] . (Z, H).
Note that 152! — 1" = 17 — 1q = (07)e! — T €.

For (6.3), recall that weight of A-model is reversed from degree of
cohomology. Then it follows from

. 1 1
1z — 13 = —5(77031 +ms?) == —§noel.

(6.4) follow from definition of 1z (or equivalently definition of 15).
In fact, from that we have 1z — 1 = Inos' + (7 + 311)s® and hence

L(lz — 1) = 1%%21/280.



